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ABSTRACT. We present a complete functional formula expressing the ith Zs-Betti number of the
oriented Grassmann manifold of oriented 3-dimensional vector subspaces in Euclidean n-space for ¢
from the range determined by the characteristic rank of the canonical oriented 3-dimensional vector
bundle over this manifold. The same formula explicitly exhibits the number of linearly independent
semi-invariants of degree 3 of a binary form of degree n — 3. Using the approach and data presented
in this note, analogous results can be obtained for the oriented Grassmann manifold of oriented 4-di-
mensional vector subspaces in Euclidean n-space and semi-invariants of degree 4 of a binary form of
degree n — 4.
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1. Introduction and some preliminaries

The Zs-Betti numbers bj(én,k) of the oriented Grassmann manifolds (~}’n’k of oriented k-dimen-
sional vector subspaces in R™ are known for k¥ = 1 (spheres) and k = 2 (complex quadrics); but
they are in general unknown for k£ > 3. We note that, in contrast to_this, the rational Betti
numbers of G, j are known (thanks to the rational Poincaré polynomial [4: p. 494-495]). In what
follows, the cohomology will be taken with coefficients in Zs; in particular, by the Betti numbers
we shall always mean the Zs-Betti numbers.

The manifold énk is a double covering space for the Grassmann manifold G, of all
k-dimensional vector subspaces in R™; the covering p: én,k — Gy i is universal if (n, k) # (2,1).
In view of the obvious diffeomorphisms G, 1 = Gy, p—t, énk ~ én,n_k, we may assume that
k<n-—k.

Recall (]2]) that the cohomology algebra H* (G, i) of the Grassmann manifold G,, i, is generated
by the Stiefel-Whitney characteristic classes w;(yn,x) € H*(Gp ) of the canonical k-dimensional
vector bundle v, , over G, . An exact description of the algebra H*(G,, 1) is known ([2]) but,
for our purposes, it suffices to note that there are no polynomial relations among the generators
w; (V) in degrees < n — k. For each j, the Betti number b;(G,, ) is the same as the number of
j-dimensional Schubert cells in G,, , that is ([9; §6]), the number p(n — k, k, j) of restricted parti-
tions of j into at most k parts, each less than or equal to n—k; note that p(n—k, k, j) = p(k,n—k, j).
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The Betti number b;(G,, 1) is the coefficient at 27 in the Poincaré polynomial ([2])

B (1 _ l’n_k+1)(1 _ xn—k+2) . (1 _ mn)
BlCnk) = i ) ) (1)

As a basis for H(G,, ;) (|5; Theorem, p. 232]), we can take the set

k k
{w%1~-~wzk;2iai:j,Zaiﬁn*k}v (1.2)
i—1 i=1

1=

where w; is an abbreviation for the Stiefel-Whitney class w;(7yy,x). The set (L.2)) will be called the
standard basis for HY (G, ).

About the cohomology algebra H* (énk) of the oriented Grassmann manifold én,k very little
is known in general (see [13]). But it is clear that the pullback p*(7,.x) of the canonical k-plane

bundle vy, over G, is the canonical oriented k-plane bundle 5,  over Gy, i, and that

Im(p* : H*(Gp) — H*(Gp 1)),
multiplicatively generated by the Stiefel-Whitney classes

w; (?n,k) = p* (wz (’\//n,k))v

is a self-annihilating subspace, of half the dimension (in general unknown up to now), in the

cohomology algebra H*(Gy, ). Thus there exists a positive integer £ (k < k(n — k) = dim(Gp 1))
such that there is some element other than a polynomial in the Stiefel-Whitney classes of ¥, 5 in

the cohomomology group H**!(G,, 1), while all the elements in H’(G,, ;) for nonnegative integers
j < k can be expressed as polynomials in the Stiefel-Whitney classes of 7, ;. The number & is
called the characteristic rank of 7, , denoted charrank(7, x); for this terminology and further
information on the characteristic rank of vector bundles and manifolds see for instance [6], [§], [10],
[1], [7]. Now there are various ways (among them a simple analysis of the Gysin exact sequence [9:
Corollary 12.3] associated with the double covering p) to verify that, for [ + 1 < charrank(y, 1),
one has

bre1(Gnk) = b1 (Gnk) — bi(Gnk); (1.3)
the later difference clearly equals the coefficient at z!*! in (1 — 2)P,(Gp k) (see [1.1). Thanks to
Poincaré duality, if we calculate the Betti numbers bj41(Gp i) for I +1 < k("T_k, then we also

have the remaining Betti numbers. We thus confine our attention to those differences b;1(Gp ) —
b (Gn k), denoted N(n — k, k,1+ 1) in the sequel, such that

k(n—k)

I+1<
=T

(1.4)

Thus, for

the numbers N(n — k, k,l + 1) are the Betti numbers of the oriented Grassmann manifold G, .
But additionally, by Cayley - Sylvester’s theorem, N(n — k, k,l + 1) is also equal to the number of
linearly independent semi-invariants of degree k and weight [ + 1 of a binary form of degree n — k
(see for example [11], [12: Satz 2.21]).

Recently, the characteristic rank of 7, 3 has been found for infinitely many values of n. For
instance, the following was proved in [7]: for n > 6, taking ¢ to be the only integer such that

I4+1<min { charrank(7,, 1),
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2¢1 < < 2° we have

=n—-2 if n = 2°,
charrank(¥,3)¢ =n—5+1¢ ifn=2°—1i,ie{1,2, 3}, (1.5)
>n—2 otherwise.

By , for example, if [ + 1 < 2¢ — 2, then each Betti number bl+1(é2073) equals the number
N(2¢—3,3,1+1).

As the main result, this note presents a complete functional formula for N(n — 3,3,1 4 1): the
result is given in Theorem [2.2) . by Table [Il Via our formula, one gains new, global insight into
the ith Betti numbers of G, 3 for ¢ < min{charrank(7, 3), M} The same formula explicitly
exhibits the number of linearly independent semi-invariants of degree 3 of a binary form of degree
n — 3. In particular, Bundy and Hart’s [3} Theorem 3.1(b)] is immediately obtained from our
formula; see Remark

In order to keep the present note within reasonable size, we confine ourselves to noting that, using
the approach and data presented in this note, analogous results (extending [3; Theorem 3.1(c)])
can be obtained for the oriented Grassmann manifold of oriented 4-dimensional vector subspaces in
Euclidean n-space and linearly independent semi-invariants of degree 4 of a binary form of degree
n—4. We add that the situation for N(n—2,2,141) is very simple; we shall see, in Lemma that
N(n—2,2,1+1) =0if [ is even, and N(n — 2,2,l + 1) = 1 if | is odd; Lemma implies |3t
Theorem 3.1(a)].

2. Additional preliminaries and the main result

We first give a recursive formula for the Betti numbers of the Grassmann manifold G,, . As
starting data, one has that the ith Betti number of the real (n — 1)-dimensional projective space
Gnp,isequal to 1 for ¢ =0, 1,...,7 — 1 and, of course, it vanishes for all other values of :.

PROPOSITION 2.1. For the Betti numbers of the Grassmann manifold Gp (2 <k <n—k), we
have the following recursion:
> bik(Groroik1).

; l
0<i<i

Proof. The standard basis for H'(G,, 1) is the union of pairwise disjoint subsets
—1 k-1
P = {wj“ cwpt fwk,Zjaj + ik =1, Zaj +1 < n—k},
=1 j=1

where 1 =0, 1,..., Léj But the elements of the set P; are in an obvious bijective correspondence
with the elements of the standard basis for Hl_”“(Gn,l,i,k,l). Thus the cardinality of P; is the
Betti number b;_;;(Gn—1-ix—1), and the proposition is proved. O

As an immediate application of the recursive formula from Proposition we obtain the fol-
lowing.
LEMMA 2.1. Let n > 4.
(a) If0 <1 <n—2, then we have that N(n —2,2,1) = b;(Gpn,2) — bi—1(Gn,2) is equal to 0 if [ is

odd, and is equal to 1 if l is even.

(b) If n —2 <1 <2(n—2), then we have that bj(Gp2) — bi—1(Gn2) is equal to —1 if | is odd,
and s equal to 0 if | is even.
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i\z | 0 1 \ 2 \ 3
0 0 —1(=1) ife=0; | 6(=0) if e>1; 0(20) if e>1; 0+ 1(>1) if e>2;
2t otherwise 2t otherwise 2t otherwise 2t otherwise
1 6(>2) if €>0; 0(>2) if £>0; 0+ 1(z1) ife>1; | 6+ 1(>1) ife>1;
2t + 1 otherwise 2t + 1 otherwise 2t =+ 1 otherwise 2t =+ 1 otherwise
P 6 —1(1) ife>—1; 0(>2) if e>0; 0(>0) if £>0; 0+ 1) ifex1;
2t —+ 1 otherwise Qt + 1 otherwise Qt + 1 otherwise 2t —+ 1 otherwise
P 0 =11 ifex—1; | 0 — 1(>1) ife>—15 | 0(>2) if £20; d(>0) if £>0;
2t + 1 otherwise 2t + 1 otherwise 2t 4+ 1 otherwise 2t 4+ 1 otherwise
0= 2(20) ife>=2; | 6 — L(=1) ife>—15 | 0 — L(>1) if e>—1; | O(>2) if £>0;
4 2t + 1 otherwise 2t + 1 otherwise 2t + 1 otherwise 2t - 1 otherwise
5 0 =11 ife>—2; | 0 — 1(21) ife>—2; | 8(>2) if e>—1; 0(>2) if e>—1;
2t —+ 2 otherwise 2t —+ 2 otherwise 2t + 2 otherwise 2t + 2 otherwise
O —3(>1) ife>=3; | 6 — 2(>0) ife>—2; | 6 — 2(20) ife=>—2; | 0 — L(>1) if e>—1;
6
2t —+ 1 otherwise 2t —+ 1 otherwise 2t —+ 1 otherwise 2t —+ 1 otherwise
” 60— 2(>2) ife>—3; | 6 —2(>2) ife>—3; | 6 — 1(>1) ife>—2; | 6 — 1(>1) if e>—2;
2 —+ 2 otherwise 2t —+ 2 otherwise 2t —+ 2 otherwise 2t —+ 2 otherwise
s 0 =31 ife>—4; | 0 —2(22) ife>—3; | 0 — 2(20) ife>-3; | 0 — 1(>1) if e>—2;
2t —+ 2 otherwise 2t =+ 2 otherwise 2t + 2 otherwise 2t + 2 otherwise
9 0 —3(>1) ife>—4; | 6 — 3(>1) ife>—4; | 0 — 2(>2) ife>—3; | 6 — 2(>0) if e>—3;
2t 4 2 otherwise 2t 4 2 otherwise 2t 4 2 otherwise 2t 4 2 otherwise
10 6 —4(>0) ife>—5; | 0 — 3(>1) if e>—4; | 6 — 3(>1) ife>—4; | 6 — 2(>2) if e>—3;
2t + 2 otherwise 2t + 2 otherwise 2t + 2 otherwise 2t + 2 otherwise
11 6 —3(>1) ife>—5; | 6 — 3(=1) ife>—5; | 6 — 2(>2) ife>—4; | 6 — 2(>2) if e>—4;
2t + 3 otherwise 2t + 3 otherwise 2t + 3 otherwise 2t + 3 otherwise

Proof. Part (a). By Proposition we have that
N(n—2,2,l) = Z bi—2i(Gn-1-i1) — Z bi1-2i(Gro1-i1) = 1; — 1,
0<i<i 0<i<izt 0<i<i 0<i<izt

where 1, = 1 for all ¢. This proves Part (a).
Part (b). By Poincaré duality, we have

bi(Gr2) =bi—1(Gn2) =ba(n—2)-1(Gn2) =ban—2)—141(Gn,2) = = (ba(n—2)—141(Gn,2) =b2(n—2)-1(Gn,2))-

By applying Part (a), we obtain the result. The lemma is proved. ]

Remark 1. We note that Lemma a) obviously implies [3; Theorem 3.1(a)].

The following is the main result of the present note: a complete functional formula expressing
the number N(n — 3,3, +1).

THEOREM 2.2. Let | = 12t 4+ j with 7 =0,1,2,...,11 andn —3 =4s+x withx =0, 1, 2, 3,
where s > 1 if x =0, 1, 2 and s > 0 if x = 3. For typographical reasons, we abbreviate ¢ := 2s — 4t
and € := 6t — 2s. By the definition of N(n — 3,3, + 1), we suppose (see (1.4])) that 6 > W.
Then Table |1 presents a complete functional formula for the number N(n —3,3,1+ 1) (n > 6).
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Remark 2. For reasons of space we write the data in Table [I] in a somewhat condensed way.
§ — 1(>1) if >0;
2t otherwise
x =0, we have N(n—3,3,l+1) =0 —1 (which is > 1) if ¢ > 0, and we have N(n—3,3,l+1) =2t

ife <O.

For instance, appearing in the upper left-hand corner is to be read: for j = 0 and

Proof. By Proposition we have that
N(n=3,3,141) = bizt4j4+1(Gastat3,3) — b1264(Gastat3,3)

is equal to
L4425 l4t+3)
Z b12t4j+1-3i(Gastaya—i2) — Z bi2t+j—3i(Gasrata—i2)- (2.1)
i=0 1=0

Now it suffices to apply Lemma [2.1] To illustrate this, we present two cases in detail.

Case j = 0, x = 0. By the definition of the number N(n — 3,3,l + 1), our assumption now is
that § > %, that is (note that 0 is always even), 6 > 2. By (2.1)), we see that N(n — 3,3,1+1) is
equal to

at

Z brot11-3i(Gasya—i2) — bioe—3i(Gasy2-i2)-

i=0
To apply Lemma [2.T] we need to know for which i one has 12¢ + 1 — 3i < 4s —i. Of course, this is
the case precisely for i > 6t — 2s + 1, that is, ¢ > ¢ + 1. Thus Lemma [2.1] implies that

N(n-331+1)= > (“1i+ > (+1)i;

0< even 1<e £+1< non-negative odd <4t
the right-hand side is equal to (=1)(3t —s + 1) + (+1)(s —t) =25 —4t —1 = — 1 (which is > 1)
if e > 0, and is equal to 2t if £ < 0 (of course, we understand that (—1); = —1 and (+1); = 1 for
all 7). This proves the claim for j = 0, 2 = 0.

Case j = 2, = 1. By the definition of N(n — 3,3,1+ 1), our assumption now is that § > 2. By

(2-1), we see that N(n —3,3.1+ 1) is equal to

4t

bo(Ga(s—1)+2,2) + Z biat4+3-3i(Gasy3—i2) — biarya—3i(Gasys—i2).

i=0
As is well known, bo(G4(s—4)4+2,2) = 1. We need to know for which i one has 12¢t+3—3i < 4s+1—1i.
Clearly, this is the case for i > ¢ + 1. Thus Lemma [2.I] implies that

Nin-331+1)=1+ > (-1);+ > (+1);
0< even i<e £4+1< non-negative odd <4t
the right-hand side is equal to 1+ (—1)(3t — s + 1) + (+1)(s — t) = 25 — 4t = ¢ (which is > 2) if
€ >0, and is equal to 1 + 2t if € < 0. This proves the claim for j =2, z = 1.
All the remaining cases are done similarly. The proof of Theorem is finished. ]

Remark 3. From Table |1} one readily sees precisely when N(n — 3,3, + 1) = b+1(Gn,3) —
bi(Gr,3) =p(n—3,3,l+1) —p(n —3,3,1) vanishes. To verify more easily that Bundy and Hart’s
[3: Theorem 3.1(b)] (answering the question of when p(n — 3,3,1 + 1) = p(n — 3,3,1) and, from

the topological viewpoint, also determining all those numbers ¢ + 1 < min{charrank(7, 3), 3“{ 3)}

such that Hi+1(én’3) = 0) is immediately obtained from our Theorem we put n —3 = ¢. One
readily checks that we have N(q, 3,1+ 1) = 0 precisely in the following cases:
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(1) j=0andt=0 (these are the obvious cases of b1(Gp3) — bo(Gpn3) =1—1=0);
(2) j=0,2=1,6=0,ec>1; this means that g =8t +1 (¢t > 1), ] = 3q;3,
(3) j=0,2=2,6=0,¢>1; this means that g =8t +2 (t > 1), ] = %;
. ot _ _ 3g—2
(4) j=2,2=2,0=0,¢c>0; this means that ¢ =8 +2 (t > 1), | = =;
. 3¢—3
(6) j=3,2=3,0=0,¢c>0; this means that ¢ =8 + 3 (t > 0), | = =4=;
(6) j=4,2=0,6—2=0, &> —2; this means that g =8t +4 (¢t > 0), [ = 3q2_4,
(7) j=6,2=1,0—2=0,¢c> —2; this means that ¢ = 8¢ +5 (¢t > 0), | = 342,
j=6,r=2,0—-2=0,¢e > —2; this means that ¢ = 8t + = 2
8) j=6 2,6 —2=0,¢e>—2; thi h 8t+6 (t>0),1=234°
J=8 x=2,0—2=0, > —3; this means that ¢ = 3¢ + , L= =5=,
9) j=8 2,6 —2=0,¢e> —3; thi h 8t+6 (t>0), =342
17=92=3,0—-2=0,e > —3; this means that ¢ =847 (£ > 0), :;7
10) j=9 3,6 —2=0,¢>-3; thi h 8t+7(t>0), =22
(11) =10, 2 =0, —4 =0, € > —5; this means that ¢ =8t +8 (¢t > 0), :¥
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